ON THE FIELD INTERSECTION PROBLEM OF SOLVABLE QUINTIC 

GENERIC POLYNOMIALS 
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Abstract. We study a general method of the field intersection problem of generic polynomials 
over an arbitrary field k via formal Tschirnhausen transformation. In the case of solvable quintic, 
we give an explicit answer to the problem by using multi-resolvent polynomials. 

s : 

1—5 ■ 1. Introduction 

m ; 

Let G be a finite group. Let k be an arbitrary field and k(t) the rational function field over k 
\ with n indeterminates t = (ti, . . . , t n ). 

A polynomial ft(X) G k(t)[X] is called £;-generic for G if it has the following property: the Galois 
' group of ft(X) over k(t) is isomorphic to G and every G-Galois extension L/M, j^M = oo, M D k, 
can be obtained as L = Sp\ M f a (X), the splitting field of f a (X) over M, for some a = (oi, . . . , a n ) G 
M n . We suppose that the base field M, M D k, of a G-extension L/M is an infinite field. 

Examples of /c-generic polynomials for G are known for various pairs of (k, G) (for example, see 
[Kem94], [KMOO], [JLY02], [Rik04]). Let ff(X) G k(t)[X] be a A;-generic polynomial for G. Since 
£NJ . a A;-generic polynomial f^(X) for G covers all G-Galois extensions over M D k by specializing 
, parameters, it is natural to ask the following problem: 

Field isomorphism problem of a generic polynomial. Determine whether Splj^/^(X) and 
"st" ' Spl M f^(X) are isomorphic over M or not for a, b G M n . 

It would be desired to give an answer to the problem within the base field M by using the data 
a, b G M n . Let S n (resp. D n , C n ) be the symmetric (resp. the dihedral, the cyclic) group of degree 
n. For G3, the polynomial f^ 3 (X) = X 3 — tX 2 — (t + 3)X — 1 € k(t) [X] is /c-generic for an arbitrary 

.^J I field k. We showed in [HM] the following theorem which is an analogue to the results of Morton 

X ' [Mor94] and Chapman [Cha96]. 

Theorem 1.1 ([Mor94], [Cha96], [HM]). Let ff 3 (X) be as above and assume char k / 2. For 
m,n £ M with (m 2 + 3m + 9)(n 2 + 3n + 9) / 0, two splitting fields Spl M /^ 3 (Y) and Spl M /f 3 (X) 
over M coincide if and only if there exists z G M such that either 

m(z 3 - 3z - 1) - 9z(z + 1) _ m(z 3 + 3z 2 - 1) + 3(z 3 -32-1) 

mz(z + 1) + z 3 + 3z 2 — 1 mz(z + 1) + z 3 + 3z 2 — 1 

We have Spl M /^ 3 (Y) = Splj\ / /^' 3 (X) whenever m,n G M satisfy the condition in Theorem 
1.1. In particular, over an infinite field M, for each fixed m G M with Gal(/^ 3 /M) = {1} or 
Gal(/^ 3 /M) = G 3 there exist infinitely many n G M such that Spl M /^ 3 (Y) = Spl M /^ 3 (X). 

We also gave analogues to Theorem 1.1 for two non-abelian groups for S3 and -D4 in [HM07] and 
[HM-2] respectively as follows: 
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Theorem 1.2 ([HM07]). Let k be a field of char k ^ 3 and ft A {X) = X 3 + tX + t G fc(t)[X] a 
k-generic polynomial for S3. For o,i£M\{0, —27/4} mi/i a^b, two splitting fields Spl M f^ 3 (X) 
and Spl M f^ 3 (X) over M coincide if and only if there exists u G M such that 

a{u 2 + 9u - 3a) 3 
~ (u 3 - 2au 2 - 9au - 2a 2 - 27a) 2 ' 

Theorem 1.3 ([HM-2]). Let k be a field of char k ^ 2 and f®?{X) = X 4 + sX 2 + t G fc(s,t)[X] 
a k-generic polynomial for D4. For a,b G M ; we assume that Gal(f ab 4 /M) = D4. TTten /or 
a,b,a',b' G M, too splitting fields Spl M f ab 4 (X) and Spl M f^ 4 b ,(X) over M coincide if and only if 
there exist p,q G M such that either 

(i) a' = ap 2 - Abpq + abq 2 , b' = b(p 2 - apq + bq 2 ) 2 or 

(ii) a' = 2{ap 2 -4bpq + abq 2 ), b' = (a 2 - Ab){p 2 - bq 2 ) 2 . 

In Theorem 1.3, under the assumption C4 < Gal(/f^/M) < D4, there exist p,q G M which 
satisfy the condition (i) if and only if M[X]/(f^(X)) —m M[X]/(f^ b ,(X)) (cf. [HM-2, Lemma 
4.14]), and this fact was given by Van der Ploeg [Plo87] when M = Q. 

As in the case of C3 over an infinite field M, for a fixed a G M with Gal(/,f 3 /M) < S3 (resp. 
fixed a,b G K with C 4 < Gal(/^ 6 4 /M) < D 4 ) there exist infinitely many 6 G M (resp. a', 6' G M) 
such that Spl M /f3(X) = Spl M /f 3 (X) (resp. Spl M f%(X) = SjA M ffy(X)). 

Kemper [KemOl], furthermore, showed that for a subgroup H of G every iJ-Galois extension 
over M D A; is also given by a specialization of f^(X) as in a similar manner. Hence the following 
two problems naturally arise: 

Field intersection problem of a generic polynomial. For a field M D k and a, b G M n , 

determine the intersection of Sp\ M f^(X) and Spl M f£(X). 

Subfield problem of a generic polynomial. For a field M D k and a, b G M n , determine 
whether Spl M f^(X) is a subfield of Spl M f^(X) or not. 

If we get an answer to the field intersection problem of a fe-generic polynomial, we obtain an 
answer to the subfield problem and hence that of the field isomorphism problem. 

The aim of this paper is to study a method to give an answer to the intersection problem of 
/c-generic polynomials via formal Tschirnhausen transformation and multi-resolvent polynomials. 

In Section 2, we review some known results about resolvent polynomials. In Section 3, we recall 
formal Tschirnhausen transformation which is given in [HM]. In Section 4, by using materials 
given in Sections 2 and 3, we give a general method to solve the intersection problem of k- generic 
polynomials. 

In Section 5, we give a general method to construct a generic polynomial for the direct product 
Hi x H2 of two subgroups Hi and H2 of S n . 

In Section 6, we take the following quintic generic polynomials with two parameters for F2C-D5 
and C5, respectively, where F20 is the Frobenius group of order 20. 

o*)=* 5 + r 2 7 + 7 25 -2 P+ 2)x* 

+ (p 2 -p-3q + 5)X 3 + {q-3p + 8)X 2 + (p - 6)X + 1 G k{p,q)[X], 
fg(X) = X 5 + (t-3)X 4 + (s -t + 3)X 3 + (t 2 -t-2s-l)X 2 + sX + t G k(s,t)[X], 

P P 2 
h c A ] B {X) = X 5 - -2 (A 2 -2A + 15B 2 + 2)X 3 + -^^BX 2 -{A- 1)X - 2B) G k(A,B)[X] 
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where P = {A 2 - A - l) 2 + 25(A 2 + l)B 2 + 1255 4 , Q = 1 - A + 7B 2 + AB 2 . 

Based on the general method, we illustrate the solvable quintic cases and give an explicit answer 
to the problem by multi-resolvent polynomials in the final Section 7. We also give some numerical 
examples. 

2. Resolvent polynomial 

In this section we review known results in the computational aspects of Galois theory (cf. the 
text books [Coh93], [AdeOl]). One of the fundamental tools to determine the Galois group of a 
polynomial is the resolvent polynomials; an absolute resolvent polynomial was first introduced by 
Lagrange [Lagl770], and a relative resolvent polynomial by Stauduhar [Sta73]. Several kinds of 
methods to compute resolvent polynomials have been developed by many mathematicians (see, for 
example, [Sta73], [Gir83], [SM85], [Yok97], [MM97], [AVOO], [GKOO] and the references therein). 

Let M D k be an infinite field and M a fixed algebraic closure of M. Let f(X) := Y\1Li(X — cti) G 
M[-X] be a separable polynomial of degree m with some fixed order of the roots ati, . . . , a m G M. 
The Galois group of the splitting field Spl M f(X) of f(X) over M may be obtained by using suitable 
resolvent polynomials. 

Let fc[x] := k[x\, . . . ,x m ] be the polynomial ring over k with indeterminates x±, . . . ,x m . Put 
R := k[x, 1/A X ] where A x := rii<i<j<m( a; .7 ~~ x i)- We take a surjective evaluation homomorphism 
tof : R — > k(a±, . . . , a m ), &(x±, . . . , x m ) i — > 0(qi, . . . , a m ), for <d G R. We note that wj(A x ) / 
from the assumption that f(X) is separable. The kernel of the map Uf is the ideal 

// = ker(u;/) = . . .,x m ) £ R \ 6(qi, . . . ,a m ) = 0}. 

Let S m be the symmetric group of degree m. For ir G S m , we extend the action of it on m letters 
{1, . . . ,m} to that on R by 7r(0(xi, . . . ,x m )) := 0(x 7r ( 1 ), . . . , x„.( m )). We define the Galois group of 
a polynomial f(X) G M[X] over M by 

Gal(//M) := {it G S m \ Tt(I f ) C I f }. 

We write Gal(/) := Gal(//M) for simplicity. The Galois group of the splitting field Sp\ M f(X) 
of a polynomial f(X) over M is isomorphic to Gal(/). If we take another ordering of roots 
0^(1), • • • , O-TTim) °f f{X) with some ir G S m , the corresponding realization of Gal(/) is the con- 
jugate of the original one given by tt in S m . Hence, for arbitrary ordering of the roots of f(X), 
Gal(/) is determined up to conjugacy in S rn . 

Definition. For H < G < S m , an element G R is called a G-primitive ff-invariant if H = 
Stabc(0) := {vr G G \ 7r(9) = Q}. For a G-primitive .ff-invariant 6, the polynomial 

KPq, g (X):= 11 (X - 7r(0)) G R g [X] 
ireG/H 

where W runs through the left cosets on H in G, is called the formal G-relative //-invariant resolvent 
by 0, and the polynomial 

KVe,Gj{X):= J] (*-"/(7r(e))) 
H&G/H 

is called the G-relative ff-invariant resolvent of / by 0. 

The following theorem is fundamental in the theory of resolvent polynomials (cf. [AdeOl, p. 95]). 

Theorem 2.1. For H < G < S m , let be a G-primitive H -invariant. Assume that Gal(/) < G. 
Suppose thatlZVs : c,f(,X) is decomposed into a product of powers of distinct irreducible polynomials 
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as lZVe,G,f(X) = 111=1 ^(X) ^ n M[X]. Then we have a bijection 
Gsl(f)\G/H {h^(X),...,hf(X)} 
Gal(/)irfT — M*) = II (X - u; f ( T (Q))) 

rHCGa\(f)nH 

where the product runs through the left cosets tH of H in G contained in Gal(f)irH, that is, 
through r = ir a ir where tt c runs a system of representatives of the left cosets o/Gal(/)n-7ri77r _1 ; each 
h^iX) is irreducible or a power of an irreducible polynomial with deg(h w (X)) = |Gal(/) tt H\/\H\ 
= |Gal(/)|/|Gal(/) nvri^Tr- 1 !. 

Corollary 2.2. //Gal(/) < ttHtt^ 1 for some tt G G then lZVe,G,f{X) has a linear factor over M. 
Conversely, if TZVq^gj{X) has a non-repeated linear factor over M then there exists tt G G such 
that Gal(/) < ttHtt~ 1 \ 

Remark 2.3. When the resolvent polynomial TZV® t G,f(X) has a repeated factor, there always 
exists a suitable Tschirnhausen transformation / of / (cf. §3) over M (resp. X — of X — over 
k) such that HV e G j(X) (resp. TZVq G f(X)) has no repeated factors (cf. [Gir83], [Coh93, Alg. 
6.3.4], [Col95]). 

In the case where TZVs^jiX) has no repeated factors, we have the following theorem: 

Theorem 2.4. For H < G < S m , let be a G-primitive H-invariant. We assume Gal(/) < G 
and that TZVs,G,f{^) has no repeated factors. Then the following two assertions hold: 

(i) For tt G G, the fixed group of the field M(w/("7t(0))) corresponds to Gal(/) n ttHtt^ 1 . In 
particular, the fixed group of Spl M TZVe : Gj{X) corresponds to Gal(/) n kHtt^ 1 ; 

(ii) let if : G — > Sig-.h] denote the permutation representation of G on the left cosets of G/H given 
by the left multiplication. Then we have a realization of the Galois group of Spl M TZV@,G,f(X) as a 
subgroup of S [G:H] by </?(Gal(/)). 

3. Formal Tschirnhausen transformation 

We recall the geometric interpretation of Tschirnhausen transformations which is given in [HM] . 
Let f{X) be monic separable polynomial of degree n in M[X] with a fixed order of the roots 
ai, . . . , a n of f{X) in M. A Tschirnhausen transformation of f(X) over M is a polynomial of the 
form 

n 

g(X) = Y[(X - (co + ciOi + ■■■ + Cn-Kx?- 1 )), cj e M. 
1=1 

Two polynomials f(X) and g(X) in M[X] are Tschirnhausen equivalent over M if they are Tschirn- 
hausen transformations over M of each other. For two irreducible separable polynomials f(X) and 
g(X) in MpT], f(X) and g(X) are Tschirnhausen equivalent over M if and only if the quotient 
fields M[X]/(f(X)) and M[X\/(g(X)) are isomorphic over M. 

In order to obtain an answer to the field intersection problem of fc-generic polynomials via 
multi-resolvent polynomials, we first treat a general polynomial whose roots are n indeterminates 
%i i ■ ■ ■ -i x n : 

n 

f s (X) = l\(x - Xi ) = x n - Sl x n - 1 + s 2 x n - 2 + ■■■ + {-\) n s n e k[s][X] 

i=l 

where k[x\, . . . ,x n ] Sn = k[s] := k[si, . . . , s n ], s = (si, . . . ,s n ), and Sj is the i-th elementary sym- 
metric function in n variables x = (xi, . . . , x n ). 
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Let i? x := k[xi,...,x n ] and R y := k[yi,...,y n ] be polynomial rings over k. Put R x ,y '■= 

k[x,y, 1/A X , 1/Ay] where A x := Ui<i<j< n ( x j ~ x i) and A y : = IIi<i<j<n(%' ~ We define the 
interchanging involution l X:Y which exchanges the indeterminates Xj's and the yj's: 



(1) 



Vi, Vi 



1, n). 



We take another general polynomial ft(X) := (, X) y(/ s (X)) G fc[t][X],t = (£i,...,£n) with roots 
yi, ■ ■ ■ ,y n where U = t x ,y(si) is the i-th elementary symmetric function in y = (yi, . . . , y n ). We put 



K 



fc(s,t); 



it is regarded as the rational function field over with 2n variables. We put f s ,t(X) := f s (X)f t (X). 
The polynomial f S: t(X) of degree 2n is defined over K. We denote 

G s := G a \(f s /K), G t := Gal(/ t /K), G s , t := Gal(/ Sjt /K). 

Then we have G s , t = G s x G t , G s ^ G t = 5 n and fc(x, y) Gs '* = 

We intend to apply the results of the previous section for m = 2n, G = G S) t < S2 n and / = / s ,t- 
Note that over the field Spl^ / Sj t(-X") = fc(x, y), there exist n\ Tschirnhausen transformations 

from f s (X) to ft(X) with respect to y n m, ■ ■ ■ , y n ( n ) for ir G We study the field of definition of 

each Tschirnhausen transformation from f s (X) to ft(X). Let 



D : = 



( 1 xi arf 

2 
2 



1 X2 x\ 



-n-1 



be the Vandermonde matrix of size n. The matrix Z) G M n (/c(x)) is invertible because the determi- 
nant of L> equals det D = A x . When char k / 2, the field A;(s)(A x ) is a quadratic extension of k(s) 
which corresponds to the fixed field of the alternating group of degree n. We define the n-tuple 
(uo(x,y),... ,u n _i(x,y)) G (#x, y ) n by 



(2) 



Cramer's rule shows 



/ «o(x,y) \ 

«i(x,y) 

V u n _i(x,y) y 



£)■ 



/ 2/1 \ 

2/2 

V J/n y 



(3) 



Ui(x,y) = A x x • det 



/ 1 xi 
1 x 2 



4" 1 2/2 4 +1 



^r 1 

„n-l 



„n-l 



In order to simplify the presentation, we write 

Uj:=Ui(x,y), (i = 0,...,n-l). 

The Galois group G Sj t acts on the orbit {7r(uj) | 7r G G S) t} via regular representation from the left. 
However this action is not faithful. We put 

H S)t ■= {Ox, vr y ) G G s , t | vr x (i) = ir y (i) for i = 1, . . . , n} = S n . 

If 7r G H s t then we have ir(iii) = Ui for i = 0, . . . , n — 1. Indeed we see the following lemma: 

Lemma 3.1. For i, < i < n — 1, Ui is a G S) t-primitive H s ^-invariant. 
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Let G := 0(x, y) be a G s ,t-primitive iL S) t-invariant. Let W = ttH s ^ be a left coset of H s t in 
G s ,t- The group G s ,t acts on the set {ir(&) \ W G G St t/H s ^} transitively from the left through 
the action on the set G S: t/H Sj t of left cosets. Each of the sets {(l,7r y ) | (l,vr y ) G G s ,t} and 
{(7r x ,l) | (ir x , 1) G G s ,t} forms a complete residue system of G Sj t/i? s ,t, and hence the subgroups 
G s and Gt of G Sj t act on the set {vr(0) | 7f G G st /.ffs,t} transitively. For W = (l,vr y ) G G S)t /H s t , 
we obtain the following equality from the definition (2): 

Vn y (i) = TTy^o) + vr y (ui)xi H h JTyK-i)^" 1 for i = 1, . . . , n. 

Hence the set {(7r(«o), • • • , 7r(-u n _i)) | W G G S: t/H s>t } gives coefficients of n! different Tschirnhausen 
transformations from f s (X) to ft(X) each of which is defined over K(ir(uo), . . . ,7r(ii„_i)), respec- 
tively We call K(tt(uo), . . . ,7r(n n _i)), (W G G St t/H s ,t), a field of formal Tschirnhausen coefficients 
from f s (X) to ft(X). We put v\ := i x , y (tii) for i = 0, . . . , n — 1. Then -Uj is also a G Sj t-primitive 
i? Si t-invariant and i^(7r(wo), • • • , 7r(t> n _i)) gives a field of formal Tschirnhausen coefficients from 
f t (X) to f s (X). 

Proposition 3.2. Lei G be a G St t-primitive H s ^-invariant. Then we have k(-x.,y) nHs ' t7T 1 = 
K(7T(« ),---,7rK_i)) = K(7r(6)) and [^(0)) : ' K] = n! /or eac/i vf G G a<t /H Btt . 

Hence, for each of the n! fields ii~(7r(0)), we have Spl K ( n ( & ^f s (X) = Spl K ^^^ft(X), (W G 
G s ^t/ H St t). We also obtain the following proposition: 

Proposition 3.3. Let be a G St t-primitive H s ^-invariant. Then we have 

(i) tf(x) n K(tt(0)) = K(y) n K(tt(0)) = K for We G Sjt /H Sjt ; 

(ii) K(x, y) = if(x, tt(0)) = if(y, 7r(6)) /or vf G G s , t /i7 s , t ; 

(iii) K(x,y) = K(*(Q) \ W G G s , t /ff s , t ). 

We consider the formal G S; t-relative i/ S)t -invariant resolvent polynomial of degree n\ by 0: 

7fSG s ,t/i?s,t 

It follows from Proposition 3.2 that KPe,G Bt (^) i s irreducible over /c(s,t). From Proposition 3.3 
we have one of the basic results: 

Theorem 3.4. The polynomial lZVs t G at (X) is k-generic for S n x S n . 

4. Field intersection problem 

For a = (ai, . . . , a n ), b = (&i, . . . , b n ) G M n , we take some fixed order of the roots or, . . . ,a n 
(resp. /3i, . . . ,/3 n ) of / a (X) (resp. / b (X)) in M. Put / a , b (X) := U(X)f h (X) G M[X]. We denote 
L a := M(ai,...,a n ) and L b := M(/?i, . . . , (3 n ); then L a = Spl M / a (X), L b = Spl M / b pf) and 
L a L b = Spl M / a)b (X). We define a specialization homomorphism w/ ab by 

W /a,b : ^x, y — ► M(«i, . . . ,a n ,Pi, . . . ,(3 n ) = L a L hl 
0(x,y) i — > Q(a 1 ,...,a n ,(3 1 ,...,(3 n ). 

Denote A a := oj/ ab (A x ) and A b := w/ ab (A y ). We assume that both of the polynomials f a (X) 
and fh{X) are separable over M, i.e. w/ ab (A x ) • o;j ab (A y ) / 0. Put 

G a := Gal(/ a /M), G b := Gal(/ b /M), G a , b := Gal(/ a , b /M). 

Then we may naturally regard G ajb as a subgroup of G Sj t- For 7f G G S) t/-ff s ,t, we put Cj i7r := 
^/a.bM^))'^ := w/ ab (vr(/, x>y (uj))), (i = 0, . . . ,n - 1). Then we have 

( 4 ) Ar y (i) = C ,7r + Cl >7r OJ^) H h c n _i i7r Q;"^), 

(5) a 7r x (i) = d ,n + dl,7r ^(j) H 1" d n -l,TT P^'li) 
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for each i = 1, . . . , n. 

For each W G G s ^/H s ,t, there exists a Tschirnhausen transformation from f a {X) to fb(X) over 
its field of Tschirnhausen coefficients M(co )7r , . . . , c n _i )7r ); the n-tuple (do :7V , . . . , o! ra _i j7r ) gives the 
coefficients of a transformation of the inverse direction. From the assumption A a • Ab / 0, we see 
the following lemma (cf. [JLY02, p. 141], [HM]): 

Lemma 4.1. Let M'/M be afield extension. If fb(X) is a Tschirnhausen transformation of f a (X) 
over M' , then f a (X) is a Tschirnhausen transformation of fb{X) over M' . In particular, we have 
M(co i7r ,...,Cn_i j7r ) = M(d 0>w , . . . ,<i n _i j7r ) for every We G s ,t/#s,t- 

In order to obtain an answer to the field intersection problem of f s (X) we study the n! fields 
M(co j7r , . . . ,c ra _i j7r ) of Tschirnhausen coefficients from f a (X) to fb(X) over M. 

Proposition 4.2. Under the assumption A a • Ab / 0, we have the following two assertions : 

W Spl M(c0;r) ... iCn _ 1 ^)/ a P0 = Spl M(co ^,..., Cn _ 1 ^)fb{X) for each W G G Sjt /H S:t ; 

(ii) L a L h = L a M(c 0)Vr , . . . ,c„__i i7r ) = L b M(c 0i7r ,. . . ,c„_i j7r ) /or eac/i W G G Sit /# s ,t- 

Let = 0(x,y) be a G Sj t-primitive i7 Sit -invariant. Applying the specialization tj/ ab to G, we 
have a G Sj t-relative i7 Sit -invariant resolvent polynomial of / a b by 0: 

^e,G s , t ,/ a , b P0 = II ^-^W 9 ))) G MpT]. 
7feG s ,t/-ffs,t 

The resolvent polynomial ^Pe,G s t,/ a b(^) ^ s a ^ so called (absolute) multi-resolvent (cf. [GLV88], 
[RV99], [Val], [Ren04]). 

Proposition 4.3. For a, b G M n with A a • Ab / 0, suppose that the resolvent polynomial 
^8.G !t ,/ ab (^) h as no repeated factors. Then the following two assertions hold: 

(i) M(c 0)7r , . . . ,c„_i j7r ) = M(w /ab (7r(e))) for each W G G s , t /#s,t ; 

(ii) Spl M / a , b pO = M( W/ab (7r(0)) | 7f G G s , t /i7 s , t ). 

Definition. For a separable polynomial f(X) G fc[X] of degree d, the decomposition type of 
f(X) over M, denoted by DT(//M), is defined as the partition of d induced by the degrees of 
the irreducible factors of f(X) over M. We define the decomposition type ~DT(TZV@,gj/M) of 
TZVe^GjiX) over M by DT(TZV e G i/M) where f(X) is a Tschirnhausen transformation of f(X) 
over M which satisfies that TZV e G f(X) has no repeated factors (cf. Remark 2.3). 

We write DT(/) := DT(//M) for simplicity. From Theorem 2.1, the decomposition type 
DT^Ve^Gs t,/ a b) coincides with the partition of n\ induced by the lengths of the orbits of G s ^/H s ^ 
under the action of Gal(/ &i b). 

Hence, by Proposition 4.3, DT^Pe^ t / b ) gives the degrees of n! fields of Tschirnhausen 
coefficients M(co i7r , . . . , c n _i i7r ) from f a (X) to fh(X) over M; the degree of M(co j7r , . . . , c n _i )7r ) over 
M is equal to |Gal(/ a , b ) |/|Gal(/ a , b ) n TT^tTr" 1 1 . 

We conclude that the decomposition type of the resolvent polynomial ^-^ , o,G s t,/ a b(^) over ^ 
gives us information about the field intersection problem of f s (X) through the degrees of the fields 
of Tschirnhausen coefficients M(co )7r , . . . ,c n _i j7r ) over M which is determined by the degeneration 
of the Galois group Gal(/ aj b) under the specialization (s, t) (a, b). 

Theorem 4.4. Let be a G s ^-primitive H Stt -invariant. For a, b G M n with A a • Ab / 0, the 
following three conditions are equivalent: 

(1) M[X]/(f a (X)) and M[X]/(f h (X)) are M -isomorphic; 

(2) There exists ir G G Sj t such that o;j ab (7r(0)) G M; 

(3) The decomposition type DT(TZVe,G s t ,/ a b ) over M includes 1. 
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In the case where G a and Gb are isomorphic to a transitive subgroup G of S n and every subgroups 
of G with index n are conjugate in G, the condition that M[X]/(f a (X)) and M[X]/ '(/b(X)) are 
M-isomorphic is equivalent to the condition that Spl M f a (X) and Spl M fb(X) coincide. Hence we 
obtain an answer to the field isomorphism problem via the resolvent polynomial ^PeAtJabW- 

Corollary 4.5 (The field isomorphism problem). For a, b G M n with A a • Ab / 0, we assume that 
both of f a (X) and fb(X) are irreducible over M, that G a and Gb are isomorphic to G and that all 
subgroups of G with index n are conjugate in G. Then DT(7^"Pe,G s ,t,/ a b ) includes 1 if and only if 
Spl M f a (X) and Spl M fb(X) coincide. 

Remark 4.6. If G is one of the symmetric group S n of degree n, (n ^ 6), the alternating group of 
degree n, (n / 6), and solvable transitive subgroups of S p of prime degree p, then all subgroups of 
G with index n or p, respectively, are conjugate in G (cf. [Hup67], [BJY86]). 

Example 4.7. In the case where G < S n has r conjugacy classes of subgroups of index n, we get 
an answer to the field isomorphism problem by applying Theorem 4.4 repeatedly. 

For example, when char k ^ 2, the polynomials f s {X) := f^(X) = X 4 + sX 2 + 1 and g s (X) := 
g®£(X) = X 4 + 2sX 2 + (s 2 — At), s = (s,t), are /c-generic for D4 and have the same splitting field 
over k(s,t). However their root fields are not isomorphic over k(s,t). 

For a = (a, b), a' = (a',b') G M 2 with G a = G a > = D 4 , we see that Sp\ M f a {X) = Spl M f a ,{X) 
if and only if either M[X]/(f a (X)) =m M[X]/(f a ,(X)) or M[X]/(f a (X)) =m M[X]/(g a ,(X)). 
Hence, by applying Theorem 4.4 twice, we obtain an answer to the field isomorphism problem. 

The decomposition types of the corresponding multi-resolvent polynomials KPe,G s t ,/a/ / (X) and 
T^-'Pe,G st ,f a g a ,(X) are given as 8,4,4,2,2,2,1,1 and 8,8,4,2,2. Note, in this case, that the latter 
decomposition type also means the isomorphism of the two splitting fields of f a (X) and of f a >(X) 
over M although it does not include 1 (cf. [HM-2]). 

5. GENERIC POLYNOMIAL FOR Hi X H 2 

Let Hi and H2 be subgroups of S n . As an analogue to Theorem 3.4, we obtain a A;-generic 
polynomial for Hi x H2, the direct product of groups Hi and H2. 

Theorem 5.1. Let M = k(qi, . . . , qi, r±, . . . , r m ), (1 < I, m < n — 1) be the rational function 
field over k with {I + m) variables. For a. £ k{qi, . . . , qi) n , b £ k(ri, . . . , r m ) n , we assume that 
f a (X) G M[X] and fb(X) G M[X] be k-generic polynomials for Hi and H2, respectively. If 
^9>Gst,/ab(^) e M[X] has no repeated factors, then ^e,G Bt ,/ a b(^) ^ s a k-generic polynomial 
for Hi x H2 which is not necessary irreducible. 

Example 5.2. In each Tschirnhausen equivalence class, we are always able to choose a specializa- 
tion s 1 — ► a G M n of the polynomial f s (X) which satisfy a\ = and a n _i = a n (see [JLY02, §8.2]). 
Thus the polynomial 

X n + q 2 X n - 2 + ■■■ + q n „ 2 X 2 + q n „iX + q n _i 

is /c-generic for S n with (n — 2) parameters 52, . . . , q n -i over an arbitrary field k. For M = 
k(q 2 , ■ • • ,q n -i,r 2 , ■ ■ ■ ,r n _i), we take a = (0,q 2 ,.. .,q n -i,q n -i) e M n ,h = (0,r 2 ,. . . ,r n _i,r n _i) G 
M n . While the polynomial f a (X)f\ 3 (X) of degree 2n is /c-generic for S n x S n , the resolvent poly- 
nomial K?e,G st ,/ab(^) (with no repeated factors) realizes an irreducible /c-generic polynomial for 
S n x S n of degree n!. 

Example 5.3. In the case of n = 3, some explicit examples of sextic /c-generic polynomials 
f^l xH2 (X) for transitive subgroups Hi x H2 of S6 are given in [HM], We give another exam- 
ples by taking 6 = x m + x 2 y 2 + x m , f? 3 (X) =X 3 + sX + s, f?*(X) = X 3 - sX 2 - (s + 3)X - 1, 
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/f 2 (X) = X{X 2 - s), fP{X) = X(X 2 - 1) when char k ^ 3. Then we get the following /c-generic 
polynomials h Hl ^ 2 (X) := TZV a „ fHl t H 2 (X) for Hi x H 2 : 

h s s> s 3(X) = X 6 - 6stX 4 - 27stX 3 + 9s 2 t 2 X 2 + 81s 2 t 2 X - s 2 t 2 (4st + 27s + 27t), 
h s *> c *(X) = X 6 + 2s(/j 2 + 3/ + 9)X 4 + s(2t + 3)(t 2 + 3t + 9)X 3 + s 2 (i 2 + 3t + 9) 2 X 2 

+ s 2 (2t + 3)(t 2 + 3* + 9) 2 X + s 2 (t 2 + 3t + 9) 2 {t 2 + 3t + s + 9), 
h s *' c *(X) = X 6 + 6stX 4 + 9s 2 i 2 X 2 + s 2 t 3 (4s + 27), 
fr s 3,{i}pQ = x 6 + 6sX 4 + 9s 2 X 2 + s 2 (4s + 27), 

/j C3 ' C2 (X) = X 6 - 2t{s 2 + 3s + 9)X A + t 2 {s 2 + 3s + 9) 2 X 2 - t 3 {s 2 + 3s + 9) 2 . 

6. Solvable quintic generic polynomial 

We recall some solvable quintic generic polynomials (cf. [Lec98], [JLY02], [HT03]). Let a := 
(12345), p := (1243), r := p 2 , u := (12) G S 5 acting on k(x 1: . . . ,x 5 ) by 7r(x;) = x n(i) , (vr G 5 5 ). 
For simplicity, in this section, we write 

Cs = (o-), D 5 = (a,r), F 20 = (a,p), S 5 = {a,uj), 

where C5 (resp. .D5, F20, £5) is the cyclic (resp. dihedral, Frobenius, symmetric) group of order 5 
(resp. 10, 20, 120). Put 

(6) x — ( Xl - XA \ I ( X2 ~ XA \ y . I :, ' 2 ~ X: ' \ /(■>'■'>- ■>'■> 



X1-X3// \x 2 -x 3 j \X2-XiJI \x 3 -x 4/ 
Then the symmetric group £5 of degree 5 faithfully acts on k(x, y) in the manner, 

(7) a : x\ — >y, y\ — > , r : x\ — > x, y\ — > , 

x y 

x y — 1 1 x + y — 1 

p : xi — ► -, y\ — ► — ■ -, u : n — ► -, y\ — ► . 

x — 1 x + y — 1 x x 



{tt(x) vr G D 5 /(t) } = \ x,y, , , \. 

L X XV V J 



We take a Z^-primitive (r)-invariant x and have 

y — 1 x + y — 1 x — 1 

x ' xy ' y 

Hence we obtain the formal Ds-relative (r)-invariant resolvent polynomial by x, 
f%(X):=KP x , D6 (X)= [J 

¥eD 5 /(r> 

= X 5 + (t-3)X 4 + (s-t + 3)X 3 + (t 2 -t-2s-l)X 2 + sX + t G 



where 



t = (x - l){y - l)(x + y - 1) 



xy 

(8) a :=£>*((* -l)(y-l)) 

= — (x — 2x + x + y — 4xy + hx y — 3x y + x y — 2y + 5xy 
- 5x 2 y 2 + 2x 3 y 2 + y 3 - 3xy 3 + 2x 2 y 3 - x 3 y 3 + xy A )/{x 2 y 2 ). 

Note that k(x,y) D5 = k(s,t). By the normal basis theorem and Remark 2.3, we see that the 
polynomial f°{>(X) G k(s,t)[X] is a /c-generic polynomial for D5 (cf. [JLY02, p. 45]). The 
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polynomial f^l(X) is known as Brumer's quintic. Put 
d:= J] Kx)-vr 2 (x)) 

WeA>/<r) 

_ = (x -y)(x + xy- l)(y + xy - l)(x 2 + y - l)(x + y 2 - 1) _ 

x 3 y 3 

then d satisfies the relation 

(9) d 2 = 5 S:t := s 2 - As 3 + At - Ust - 30s 2 t - 9lt 2 - 3Ast 2 + s 2 t 2 + AOt 3 + 24st 3 + At A - At 5 . 

We note that the discriminant of f^'(X) with respect to X is given by t 2 5 2 st . In the case of char 
k / 2, we also see k{x,y) Cb = k(s,t)(d); the field k(s,t,d) is a quadratic subextension of k(x,y) 
over k(s,t). By blowing up the surface (9), Hashimoto-Tsunogai [HT03] showed that the fixed field 
k(x,y) C5 = k(s,t,d) is purely transcendental over k. A minimal basis of k(x,y)° 5 = k(A,B) over 
k is given explicitly by 

. s + 13* - 7st - 2t 2 + 2t 3 „ d 
-4 = -, B 



-2 + 7s + 33i + - 8i 2 ' -2 + 7s + 33i + st- 8t 2 ' 



We also see 



_ 2A + 13f - 33vlt - 2t 2 + 8At 2 + 2t 3 2B(-1 - Ut + t 2 ) 2 

{ )) S ~ -l + 7A + 7t + At ' ~ -l + 7A + 7t + At 

A 2 + A 3 -B 2 + 7AB 2 



and 

(11) t = 



1- A + 7B 2 + AB 2 ' 

Hence we obtain the generating polynomial of the field k(x, y) over k(x,y) c -> = k(A, B): 
(12) f%(X):=f$(X)ek(A,B)[X] 

where s,t G /c(A, 1?) are given by the above formulas (10) and (11). The polynomial f A 5 B (X) is 
fe-generic for C5 with independent parameters A, B when char k ^ 2. The discriminant of f^ 5 B (X) 
with respect to X is given by 

1GB A {A 2 + A 3 -B 2 + 7AB 2 ) 2 P 8 



Q 14 

where 

(13) P = (A 2 - A - l) 2 + 25(A 2 + l)B 2 + 1255 4 , Q = 1 - A + 7B 2 + AS 2 . 

We also get an alternative presentation of the A;-generic polynomial f^ 5 B (X) as 

g%(X) :=nV x - y , Cs (X) 

= X 5 - (2 - 3s - 2t + t 2 )X 3 + cZX 2 + (1 - 3s - Wt - Ast + 3t 2 + t 3 )X - d. 

By using s,t,d G &(A, 1?) in (10) and (11), we have the following fc-generic polynomial (cf. [HT03]): 

h%{X) :=g%{X) 

P P 2 
= X 5 - -^(A 2 -2A + 15B 2 + 2)X 3 + —^(2BX 2 -(A - 1)X - 2B) 

where P,Q G /c(A, 5) are given as in (13) above. 
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We note that two polynomials f A 5 B (X) and h A 5 B (X) have the same splitting field k(x,y) over 
k(A, B). The actions of p and of r = p 2 on the fields k(x, y) c ' 5 = k(s, t, d) = k(A, B) and k(x, y) D5 = 
k(s,t) are given by 

Ci*\ S + 5t , 1 J d A 1 B 

(14) p : 5 _>__ t — --, d^^, A — --, 

r : si — > s, t\ — > t, d\ — > -d, At — ► A, B\ — ► —B. 
Proposition 6.1. Assume that char k ^ 2. 

(1) The polynomials h^'^X), hFy A __ B j A (X), h A !5 _ B (X) and hF^, A B i A (X) have the same splitting 
field k(x,y) overk(A,B). 

(2) The polynomials f^J'(X) and f^+ 5t y t 2 _i/t(-^0 have the same splitting field k(x,y) over k(s,t). 

Proof. (1) Since f$\ A))pi(B) {X) = KP pi{x)jD . 5 (X), (i = 1,2,3), each of p\x), (i = 1,2,3) is a D 5 - 
primitive (r) -invariant. Hence the polynomial f A 5 B (X) and f^u A \ p »(.b)P0 nave the same splitting 
field k(x,y) over B). The assertion now follows because the splitting fields of f A 5 B (X) and of 
h A 5 B (X) over k(A,B) coincide. 

(2) The assertion follows from f^ p ^(X) = 1ZV p ( x ^ Dr> (X) because p(x) is a L>5-primitive (r)- 
invariant. □ 

Example 6.2. In Proposition 6.1, if we specialize the parameter t := 1, then we see two polynomials 

f]{X) := = X 5 - 2X 4 + (s + 2)X 3 - (2s + l)X 2 + 8 X + 1, 

f 2 s {X) := f^.^X) = X 5 - AX 4 + {s + 9)X 3 - (2s + 9)X 2 + (s + 5)X - 1 

have the same splitting field over k(s) including the quadratic field k(s)(V 47 + 24s + 28s 2 + 4s 3 ) 
of k(s). Now we take a base field M as a number field K and take an algebraic integer s\ 6 if. 
Note that if x is a root of f^\(X) then p(x) = x/(x - 1) is a root of /£+ 5 _iP0. Put 

^(y) := y 5 • /l si (i/y) = y 5 - Sl y 4 + (2 Sl - i)y 3 - ( Sl - 2)y 2 - 2y + 1, 

<£(y) := (_y)5 . / 2 Si (-i/y) = y 5 - ( Sl - 5)y 4 - (2sx - 9)y 3 - (sx - 9)y 2 + 4y + i. 

Then we have g\^{Y) = g^iY — 1); hence, if 6 is a root of g\ (X) then — 1 is a root of g 2 1 (X). 
In particular, both of 9 and 6 — 1 are units in the same quintic cyclic extension L5 of K. The 
polynomial 5^ (X) is investigated to construct certain parametric systems of fundamental units in 
cyclic quintic fields (cf. [KihOl], [LPS03], [Sch06]). 

In the case of char k = 2, the polynomials f A 5 B (X) and h^'^X) are not Ai-generic for C5 because 
k(x,y) Ds = k(s,t) = k(s,t)(d). Hence we should choose another generator of the field k(x,y) Cs 
over k(x,y) D5 = k(s,t). We take an S^-primitive CVinvariant 

4 
i=0 

2 , 2/0/ + I) 2 , (j/+l)Qr + j/+l) 2 x 2 (x+l) (x + l) 2 (x + ?/+!) 
x x J y z y xy J 

_ x 2 + x 3 + x 4 + x 5 + y + x 4 y + y 2 + x 2 y 2 + x 5 y 2 + x 6 y 2 + y 3 + y 4 + xy 4 + x 4 y 5 + xy 6 

x 3 j/ 3 

then we have k(x,y) c ' 5 = k(s,t)(e') and the equality 

e' 2 + (s + t + st)e + 1 + s + s 3 + i 2 + t 4 + £ 5 = 0. 
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Thus we put 

e' 

e := 



s + t + st 



x 2 + x 3 + x 4 + x 5 + y + x 4 y + y 2 + x 2 y 2 + x 5 y 2 + x 6 y 2 + y 3 + y 4 + xy 4 + x 4 y 5 + xy 6 
x + x 5 + y + x 6 y + x 5 y 2 + x 6 y 2 + x 5 y 4 + y 5 + x 2 y 5 + x 4 y 5 + xy® + x 2 y 6 

and get k(x,y) 5 = k(s,t)(e); the element e satisfies the following equality of the Artin-Schreier 
type: 

/ r \ 2 l+S + S 3 +t 2 +t 4 +t 5 

^ 6 +e+ (, + t + ,t) 2 

We note that the actions of p and r = p 2 on fc(x, y) 5 = fc(s, t, e) are given by 

s + 1 1 1 + s + t 2 + t 3 

p : si — > , ti — ► -, e — >e + 



t 2 ' t' s + t + st ' 

r : si — ► s, ti — > t, e — ►e + 1. 

For an arbitrary field fc, by using the action of p on A;(s, t), a fc-generic polynomial for i*2o is also 
obtained as follows. The fixed field k(x,y) F2 ° is generated by two elements {p, q} over k where 

1 s + 5t 

(16) p: =t--, q: =s+—^—. 

Hence the fixed field k(x,y) F20 = k(p,q) is purely transcendental over k. The element (x — l)/x 2 is 
an F2o-primitive (p)-invariant, and we see 

{vr(^) |vfGF 20 /(p)} 

[ x- 1 y - 1 x{x + y-l) xy(x - l)(y - I) y(x + y-l) \ 
I x 2 ' y 2 ' (y-l) 2 ' (x + y-1) 2 ' (x-1) 2 J ' 

Then we obtain the F2o-relative (^-invariant resolvent polynomial by (x — l)/x 2 as 
+ (p 2 - p - 3q + 5)X 3 + (q - 3p + 8)X 2 + (p - 6)X + 1 G 



for an arbitrary field k, therefore, the polynomial f F20 (X) is /c-generic for i^o- 
When char k ^ 2, let us put 

hp + 2q 



r := 



2(p 2 + 4) ' 

Then from q = —(5p + 8r + 2p 2 r)/2 we have k(p,q) = k(p,r). Hence we obtain the following 
fc-generic polynomial h F f{X) G k(p,r)[X] for F 20 : 

9p?r( X ) := •/p,-(5p+8r+2p 2 r)/2^) 

= X 5 + (r V + 4) - 2p - 1 1)X* + (V + 4)(3r + 1) + ^ + l)* 3 
- (r(p 2 + 4) + ^ - 8)X 2 + (p - 6)X + 1. 
The polynomial g F f{X) was constructed by Lecacheux [Lec98]. 
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7. Field intersection problems for solvable quintics 

The aim of this section is to give an answer to the field intersection problem of fc-generic polyno- 
mials h^' B (X)J^(X),f^(X) (or 9pf{X) when char k ^ 2) explicitly via the relative (mufti-) 
resolvent polynomials. 

Let f{^ jV2 {X) G k(v\,v 2 )[X] be a quintic /c-generic polynomial with a solvable Galois group H, 
i.e. H < F20. For a fixed polynomial f^ jV2 {X), we write 

L a := Spl M /f (X) and G a := Gal(/f /M) 

for a = (0,1,0,2) G M 2 . Assume that G a / {1}. We take the cross-ratios 

(17) ,:=«,,,...,„)= (£L^)/(!lZf!), 

Vxi-x 3 y/ vx 2 -x 3> / 

y := r?(xi, . . . , x 5 ) = / , 

\x 2 -x A J/ \X3-X4J 

and x' := £(yi, . . . , j/5), y' := 77(2/1, . . . , 2/5) in the same way as (6) in Section 6. For the two fields 
A;(x) = k(x,y) and k(x') = k(x',y'), we take the interchanging involution 

1 : fc(x,x') — ► fc(x,x'), (x,y,x',y')> — >(x',y',x,y) 

which is the special case of t X) y given by (f ) in Section 3. 

We take elements o~,t,p,uj G Autk(k(x,y)) as in the previous section; their action on k(x,y) is 
given by (7). We put (a 1 , t', p', u/) := (i~ 1 cn, l~ 1 tl, l^ 1 pi, G Aut/ c (A;(x / , y')) and write 



c 5 


= <*>, 


D 5 


= far), 


F20 


= i°~,p}, 


s 5 = 






= (o f ), 


D 5 ' 


= <y, r '>, 


F20' 


= (v',p), 


s 5 ' = 


(a',u'), 


C5" 


= i™'), 


D 5 " 


= (aa',TT'), 


F20" 


= (aa',pp), 


II 
^5 = 


(oV, ujuj' 



Let be an S$ x S's'-primitive i^c/'-mvariant and take the formal S5 x S's'-relative (resp. F20 x ir- 
relative) F2o"-invariant resolvent polynomial of degree 120 (resp. 20): 

T^i,A X ) '= nv e,F 20 xF 20 'ji'fH( x )- 

Since the polynomial ft aa ,(X) divides ft a , a /pT), we put ft 2 a ,(X) := TZ a ^(X)/TZ 1 a ^ l (X). Note 
that we need only the polynomial 7Z aa i(X) of degree 20 instead of TZ a:SL '(X) of degree 120 to treat 
the intersection problem of f^ 1>V2 {X), (H < F20). Indeed we obtain the following theorem: 

Theorem 7.1. For a = (01,02), a' = (a^a^) G M 2 , assume that f a (X) and f a i(X) is irreducible 
over M and G a > G a > . The decomposition type of the polynomial T^ aa i(X) over M and the Galois 
group Gal(7?. a a ,/M) give an answer to the field intersection problem of f^ V2 (X) as Table 1 shows. 
Moreover ifR- aa /(X) has no repeated factors then two splitting fields of f a (X) and of f^(X) over 
M coincide if and only if the polynomial 7£ aa /(X) has a linear factor over M. 
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Table 1 



G a 


Ga' 




GAP ID 






DT (^a,a') 


DT (^a.a') 






(1-1) 


[400, 205] 


F20 X F20 


L a n L a ' = A'/ 


20 


100 


(1-2) 


[200,42] 


(D 5 x L> 5 ) x C 2 


[L a n La' : M] = 2 


10 2 


50 2 


(1-3) 


[100, 11] 


(G 5 x C 5 ) x C 4 


[L a n L a ' : M] = 4 


5 4 


50 2 


(1-4) 


[100, 12] 


(G 5 x C 5 ) x Ca 


[L a n La' : M] = 4 


10 2 


25 4 


(1-5) 


[20, 3] 


L20 


L a = L a ' 


5 3 ,4,1 


20 , 10 


D 5 


(1-6) 


[200,41] 


F 20 x D 5 


L a L a ' = M 


20 


100 


(1-7) 


[100, 10] 


(G 5 x C 5 ) x C 4 


[L a n L a ' : M] = 2 


20 


100 


G 5 


(1-8) 


[100, 9] 


F20 x G 5 


L a n L a ' = A'/ 


20 


100 


D 5 


D 5 


(II-l) 


[100,13] 


L>5 x £) 8 


L a L a ' = M 


10 2 


50 2 


(II-2) 


[50, 4] 


(G 5 x C 5 ) x C 2 


[L a n L a ' : M] =2 


5 4 


25 4 


(II-3) 


[10,1] 


L>5 


L a = L a ' 


5 3 ,2 2 ,1 


10 8 ,5 4 


G 5 


(II-4) 


[50,3] 


D 5 x C* 5 


L a L a ' = M 


10 2 


50 2 


c 5 


G 5 


(HI" 1 ) 


[25,2] 


G 5 x C 5 


L a 7^ L a ' 


5 4 


25 4 


(III-2) 


[5,1] 


G 5 


L a = L a ' 


5 3 , l 5 


5 20 



We checked the decomposition types on Table 1 using the computer algebra system GAP [GAP]. 

It seems, however, complicated to compute the resolvent polynomial to display it as 

an explicit formula. This depends on a choice of an S5 x S^-primitive i^g-invariant and of a 
minimal basis of the fixed field K(x, y, x' , y') F2 ° xF 2o over K. In Subsections 7.1 and 7.2, we first 
study the reducible and some tractable cases of char k 7= 2 and of char k = 2, respectively. We 
treat in Subsection 7.3 the dihedral case and we also evaluate the resolvent polynomial TZVp d"(X) 
for a certain suitable D5 x L^-primitive Dg-invariant P explicitly. This case includes also the cyclic 
case. In Subsection 7.4, we give some numerical examples of Hashimoto-Tsunogai's cyclic quintic 
and Lehmer's simplest quintic. Finally in Subsection 7.5 we give an answer to the field intersection 
problem in the case of F20. We do not need to make a formula of another resolvent polynomial 
because we can use the resolvent HV p p>»(X) given in the dihedral case. We note that the solution 
of each case is obtained as certain conditions within the base field M. 

7.1. Reducible and tractable cases of char k 7^ 2. Throughout this subsection, we assume that 
char k 7^ 2. Let f^ V2 (X) G k(v\,V2)[X] be a /c-generic polynomial for H. For the fixed f^ 1V2 (X), 
we write L a := Spl M f a (X) and G a := Gal(f a /M) for a = (ai, 02) G M 2 . We always assume that 
f a (X) has no repeated factors over M and G a / {1}. In this subsection, we treat the case where 
f a (X) is reducible over M. First we take Brumer's quintic, 

f^(X) = X 5 + (t-3)X 4 + (s-t + 3)X 3 + (t 2 -t-2s-l)X 2 + sX + t G fc(s,t)[.X]. 

Note that if f^' ti (X) splits over M for (si,ti) G M 2 then the decomposition type DT(/^ 5 t ) over 
M has to be 2, 2, 1, and G si)tl = C 2 . We put 

5 s t := s 2 _ 4s 3 + 4t - 14st - 30s 2 t - 91t 2 - 34st 2 + s 2 t 2 + 40t 3 + 24st 3 + 4t 4 - 4t 5 

as in (9). Then we have 

Lemma 7.2. We take the k-generic polynomial f®l'(X) and suppose char k 7^ 2. 

(1) For (si,ti) G M 2 , £/iere exists d± £ M such that d\ = S Slt t 1 if and only if G Sl! t 1 < C5. 

(2) In the case of G sit t 1 ^ C5 /or (si,S2) G -^ 2 ; the quadratic subextension of L sljS2 over M is 
given by M( y j5 Sl ,t 1 )- 

Note that in the case of Gal(/^ s tl /M) < C5, we convert f^' tl {X) into the Hashimoto-Tsunogai 
form f^ B (X) or h C £ B (X) as in Section 6, (12). 
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We take a /c-generic polynomial for F20, 

flg?(X) = X" + (rV + 4) - 2p - 1 1)X* + {(p 2 + 4)(3r + 1) + ^ + l)x 3 

-(r^ 2 + 4) + ^ - 8)X 2 + (p - 6)X + 1 G fc(p,9)[X]. 

Note that, if necessary, we may convert a /c-generic polynomial g^°{X) to another form f p ™(X) 
by putting 

5p + 8r + 2p 2 r / 5p + 2g \ 

2 ' V ~ ~2(p 2 + 4)J' 

For (pi,ri) G M 2 , if the polynomial gp™ ri (X) is reducible over M, the decomposition type 
DT(^2° r j over M is 4, 1 or 2, 2, 1, and G pi , n < C 4 . It follows from (16) that 

s = ^ [hp + 8r + 2p 2 r + (2pr + 5)vV + 4^ , t = \{p+ vV + 4 ) • 
Hence the quadratic subextension of SpL^^g^o (X) over k{p,r) is r)(\f p 2 + 4). 

Lemma 7.3. We ia/ce t/ie k-generic polynomial g p °(X) and suppose char k ^ 2. 

(1) For (pi, n) G M 2 , i/iere exists 6 G M suc/t i/iai 6 2 = p 2 + 4 if and only ifG Plj . ri < D5. Moreover, 
in this case of G pijT1 < D^, the splitting fields of gp™ ri (X) and of f^ 5 tl {X) over M coincide where 
si = -(5pi + 8ri + 2p 2 n + (2pin + 5)6)/4, h = [p[ + 6)/2 ; 

(2) In the case of G pi ^ ri ji D§, that is, G pi>n = F20 or C4, the quadratic subextension of L pi;ri over 
M is M(y/p'j + 4) for (pi,n) G M 2 . 

By Lemmas 7.2 and 7.3, we may obtain the subquadratic fields of the splitting fields of polyno- 
mials f^ tl (X) and gg™ ri (X) over M for s 1 ,t 1 ,p 1 ,r 1 e M. For g£™ ri (X), (pi,n) G M 2 , we also get 
the quartic subfield of L pijri when G Pl . ri ^ D5. By (9) and (16), we obtain the quartic equation 
in d: 

16d 4 - 4(p 2 + l)(p 2 + A)Wd 2 + (p 2 + A)W 2 = 

where 

(18) W = W V)T := -199 - 16p - 4(19p + 41)r + 4(p 2 + 4)r 2 + 16(p 2 + 4)r 3 . 
The quartic polynomial 

(19) g°*(X) := X 4 - (p 2 + l)(p 2 + 4)WX 2 + (p 2 + A)W 2 G fc(p, 

gives the ^-extension k(p,q,d) = k(x,y) Cs = k(A,B) of k(p,q); by Kemper's theorem [KemOl], 
this quartic polynomial is /c-generic for C4. We also see 

d 2 = 5' pjr := Wp )T ({p A + hp 2 + 4) +p(p 2 + 3)Vp 2 + 4) /s. 

Lemma 7.4. We ta/ce £/ie k-generic polynomial gp™(X) and suppose char k 7^ 2. 

(1) If G Pl ^ ri = F20 for (pi,n) G M 2 , i/ien £/ie cyclic quartic subfield of Spl M g p ™ (X) over M is 
given by M{d\) where d\ is a square root of 5' pi ri ; 

(2) For (pi,r\) G M 2 , we assume that there exists b G M such that b 2 = p 2 + A, that is, G pi;ri < -D5. 
Then there exists d\ G M such that d 2 = W Puri ((pf + 5p 2 + 4) + p\{p\ + 3)h)/8 if and only if 
G pi t n ^ C5 • 

In the case where Gal(g^° r JM), Gal(^ 20 r , /M) £ D 5 , that is, G a ,G' a = F 20 or C 4 , we should 
know the coincidence of the cyclic quartic subfields of L pijn and of i'p' r ^ over M. In [HM-2], 
we study the field intersection problem of quartic generic polynomials; an answer to the field 
isomorphism problem of /c-generic polynomial for C4 is given as follows. First, the following lemma 
is well-known (cf. [JLY02, Chapter 2]): 
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Lemma 7.5. Assume char k 7= 2. 

(1) The polynomial f° t 4 (X) = X 4 + sX 2 + t G k(s,t)[X] is k -generic for D4 ; 

(2) For (a, b) G M 2 , Gal(/^ 6 4 /M) < C 4 if and only if there exists c G M such that c 2 = (a 2 - 46) /b. 

From Lemma 7.5, we see that the polynomial 

:= A 4 + sA 2 + G fc(a,«)[X] 

is /c-generic for C4. The discriminant of f^(X) with respect to X equals 16s 6 u 4 /(ii 2 + 4) 3 . By 
using the polynomial ffu(X) above, we get the following theorem: 

Theorem 7.6 ([HM-2]). We suppose char k 7^ 2 and ta/ce i/ie k-generic polynomial /f^(X) := 
X 4 + sA 2 + s 2 /(n 2 + 4) G for C 4 . For a = (a,c), a' = (a',c') G M 2 with aa'cd{c 2 + 

4)(c /2 + 4) 7^ 0, we assume that c 7= ±c' and c 7= ±4/c'. Xnen the splitting fields of /^p 4 (A) and of 
f a i 4 c i{X) over M coincide if and only if the polynomial F aa i(X) = F aa i(X)F~ a ,(X) has a linear 
factor over M where 



tAX) = X 4 - aa'X 2 + ( i^Jl Ay 

(c 2 + 4)(c /2 + 4) 



Remark 7.7. We note that the polynomial F aa /(J) in Theorem 7.6 is obtained as the resolvent 
polynomial lZVs t D 4 j{X) for a certain D4 x D^-primitive /^'-invariant with f(X) = f a A (X)f a 4 (X). 
The discriminant of F± a ,(X) is given by 16a 6 a /6 (c ± c') 2 (cc' T 4) 4 /((c 2 + 4) 3 (c /2 + 4) 3 ). Hence the 
condition act' 7^ 0, c 7^ ±c' and c 7^ ±4/c' implies that F a ^ a i(X) has no repeated factors. We may 
assume that the condition aa' / 0, c / ±d and c 7^ ±4/c' without loss of generality as in Remark 
2.3 (see also [HM-2]). 

Applying Theorem 7.6 to the polynomial (^(X) as in (19), in the case of 

= -(p 2 + l)(p 2 + 4)W, b=(p 2 + 4)W 2 , c = p(p 2 + 3), 

we obtain a criterion in terms of the condition within the field M to determine whether the sub- 
quartic fields of the splitting fields of g^° ri {X) and of g^?° r , (X) coincide or not. 

Remark 7.8. In the case where the field M includes a primitive 4th root i := e 27r v /3 T/4 Q f unity, by 
Kummer theory, the polynomial /if 4 (A) := X 4 — t G /c(£)[A] is /c-generic for C4. Indeed we see that 
the polynomials f£ 4 (X) = X 4 + aX 2 + a 2 /(c 2 + 4) and X 4 - a 2 (c - 2i)/(c + 2i) are Tschirnhausen 
equivalent over M because 

— ,( /S( *>,, - ((ElOfez*)* + q*^ -y 

In this case, for b,b' G M with b ■ b' 7^ 0, the splitting fields of /if 1 (A) and of /if 4 (A) over M 
coincide if and only if the polynomial (X 4 — bb')(X 4 — b 3 b') has a linear factor over M. 

7.2. Reducible and tractable cases of char k = 2. Throughout this subsection we assume that 
char k = 2. As in the previous subsection, we treat the reducible and the tractable cases for a field 
k of char k = 2. 

We first note that, by Artin-Schreier theory, the polynomial f^ 2 (X) := A 2 + X + t G k(t) is 
/c-generic for Ci- We take the /c-generic polynomial 

/iJ(X) = X 5 + (t + 1)A 4 + (s + t + 1)A 3 + (t 2 + t + 1)A 2 + sX + t 

of the Brumer's form for where k(x, y) Dh = k(s, t). We denote the constant term of the equation 
(15) by 

1 + s + s 3 + t 2 + t 4 + t 5 
€s,t ''~ (s + t + st) 2 ' 

Then we have 
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Lemma 7.9. Assume char k = 2. For the k-generic polynomial ffl{X), the following two asser- 
tions hold: 

(1) For (si,ti) G M 2 , there exists e\ G M such that e\ = e\ + e Sl ,t 1 if and only if G Sl ,t 1 < C5; 

(2) In the case of G si; t 1 ^ C5 /or (si,S2) G M 2 , the quadratic subextension of L S1;S2 over M is 
given as the splitting field of X 2 + X + e Slt t 1 over M. 

For the Frobenius group F20 of order 20, we take the fc-generic polynomial 

fS°{X) = X 5 + ( f + p ? +1 )^ 4 + (p 2 + P + q + l)X 3 + (p + q)X 2 +P X + 1 

as in the previous section, where k(x,y) F20 = k(p,q). From (16), we get the relations, 

(20) t 2 +pt +1 = 0, ps + qt +1 = 0. 
It follows from 

(21) s = (qt+l)/p 
that k(x,y) D5 = k{p,q)(t). We put 

(22) T := tjp 

and have T 2 + T+l/p 2 = 0. Hence the quadratic subfield k{p,q)(T) of Spl fc(p(?) /^ (X) over fc(p,q>) 
is given as the splitting field of the polynomial 

X 2 + X + l/p 2 

of the Artin-Schreier type over k(p,q). 

Lemma 7.10. Assume char k = 2. For i/te k-generic polynomial fp 20 (X), the following two 
assertions hold: 

(1) For (pi, qi) G M 2 , i/iere exists 6 G M suc/i £/taf b 2 = b+ l/p 2 if and only if G Plj(jl < D5 ; 

(2) In the case of G pitqi j£ D§, that is, G pim = F20 or C4, the quadratic subextension of L pim over 
M is given as the splitting field of X 2 + X + l/p 2 over M for (pi, gi) G M 2 . 

From Lemmas 7.9 and 7.10, we obtain the subquadratic fields of the splitting fields of polynomials 
fsl%(X) an d fp?° qi (X) over M for si,ti,pi,<Zi G M. We are able to distinguish such quadratic 
fields by the following well-known lemma (cf. [AS26]): 

Lemma 7.11 (Artin-Schreier [AS26]). Take the k-generic polynomial f^ 2 {X) = X 2 + X + s for 
C 2 . For a, a' G M, (a, a' g" {c 2 + c | c G M}), toe splitting fields of f£ 2 (X) and of f^, 2 (X) over M 
coincide if and only if the polynomial f^? a ,(X) = X 2 + X + (a + a') /ias a linear factor over M. 

Next, we consider when the quartic subfields of Spl M f F20 (X) and of Spl M f p20 , (X) coincide for 
(Pi^Qi)APii1i) e M 2 under the condition G puqi ,Gpi >q i % -D5. By Lemma 7.11, we should treat 
only the case where the splitting fields of X 2 + X + l/p 2 and of X 2 + X + l/p' 2 over M coincide. 
In this case, we may also assume that p\ = p[ =: Pi because two polynomials X 2 + X + l/p 2 and 
X 2 + X + l/p'] 2 are Tschirnhausen equivalent over M. 

We may use the following classical lemma ([Alb34]): 

Lemma 7.12 (Albert [Alb34], Theorems 4 and 19). Let M(x) and M(y) be cyclic quartic fields 
over M with a common quadratic subfield M(u) over M so that we may assume 

u 2 = u + a, x 2 = x + (au + 6), y 2 = y + (au + b) + c 

for some a, b, c G M u>ito a {o! 2 + d| 0! G M}. T/ten the fields M(x) and M{y) coincide if and 
only if the polynomial X 2 + X + (a + c) /ias a linear factor over M . 
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By the equalities (15), (20), (21) and (22), we see that k(x,y) F20 = k(p,q), k(x,y) Dsi = k(p,q)(T) 
and k(x,y) 5 = k(p,q)(T,e) = k(p,q)(e), where 

T 2 + T+ l/p 2 = 0, 

2 1 + p 3 + p 5 + pq + p 3 q + q 2 p 4 + p 5 + p 6 + q + p^q + pq 2 + q 3 _ 

6 +6+ p(l + q) 2 + pHiTW " 

In order to apply Lemma 7.12 to the cyclic quartic extension k(p,q)(e)/k(p,q), we modify the 
primitive element e by putting 

( 3) " + W+q) {T+l) + V^Tq)- 

Then we have k(x,y) c ' 5 = k(p,q)(E), k(x,y) D5 = k(p,q)(T) and the equalities 

T 2 + T + \ = 0, 

P2 , v, , T , l+P + /+P 5 +g + g 3 n 
-C/ + -C/ H 9 H TTT. T75 = U. 

p z p z (l + <7J Z 

Hence we may apply Lemma 7.12 to our situation where 

1 1 + Pi + Pf + Pf + 9l + q\ 1 + Px + P 4 + Pf + gi + 

U = T ' ° = ^2 ' b = Y2 ' C=b + D 2C i 7\2 

Pf Pf(l + gi) 2 Pf (1 + g'J 2 

and Pi := pi = p' v In particular, we obtain a criterion whether the subquartic fields of the splitting 
fields of f F ™ (X) and of f F ?°, (X) coincide or not, in terms of the condition within the field M. 

pit i Pii^i 

By the result of Subsections 7.1 and 7.2, we reach a partial solution of the field intersection 
problem of f^i'(X) and fp™(X) (or g F2 °(X) when char k ^ 2) in the reducible cases, that is, 
Ga < C*4) an d also in the case where two splitting fields L a and L a i have either a quadratic or a 
quartic subfield over M as the intersection. Namely we determined the situation except for the 
cases { (1-3) , (1-4) , (1-5) } ,{ (H-2) , (II-3) } ,{ (III-l ) , (HI-2) } on Table 1. 

7.3. Dihedral case. Let k be an arbitrary field. In this subsection we investigate the method to 
distinguish the difference of the cases {(II-2),(II-3)} and {(III-l) ,(111-2)}- on Table 1. We use the 
/c-generic polynomial 

fg>(X) = X 5 + (t - 3)X 4 + (s-t + 3)X 3 + (t 2 - t - 2s - l)X 2 + sX + t 

for D5. Note that k(s) := k(s,t) = k(x,y) D5 where s and t are given in terms of x, y by 

s = —(x — 2x + x + y — 4:xy + 5x y — 3x y + x y — 2y + 5xy 

- 5x 2 y 2 + 2x 3 y 2 + y 3 - 3xy 3 + 2x 2 y 3 - x 3 y 3 + xy 4 )/(x 2 y 2 ), 
(x- \){y- l)(x + y- 1) 



xy 



as in (8). We set (s',t',d') := i(s,t,d) and s' = (s',t'). In the case of / s t 5 (X), we take 

4 

P := J><x')W) 

i=0 

- w + ,„/ + , (x + jz-iK^ + j/-!) (x-i)(x / -i) 

xx xx yy yy 

as a suitable D5 x Dg-primitive D5 -invariant. 
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To distinguish the cases (II-2) and (II-3), we evaluate the formal D§ x /^-relative /^'-invariant 
resolvent polynomial by P. In the case of char k 7^ 2, the result is given as follows: 

F^,(X) := KP P>D5XD ,(X) = H (X- tt(P)) 

We(D 5 xD' 5 )/D>> 

= (^(i)) 2 -^(^(i)) 2 ek(s,t,s',t')[X] 

where 

(24) GlAX) = X 5 -(t- 3)(t' - 3)X 4 + c 3 X 3 + |* 2 + |x + |, 

G 2 S ,(X) = X 2 + (t + t! - l)X + s - t + s' - t' + tt' + 2 
and C3, C2, ci, Co £ fc(s, t, s', t') are given by 

c 3 = [2s - 21t + 3t 2 - 2ts' + t 2 s' - t 2 t'] + 31 - 3ss' + 5tt', 

c 2 = [-20s + 112t + 8st - 32t 2 + 2t 3 + 5ts' - 13sts' - 12t 2 s' + 4t 3 s' - lbstt' 

+ Ut 2 t' + 2t 3 t' + 8t 2 s't' - 2th' 2 ] - 102 + 27ss' - 119tt' - sts't' + 6t 2 t' 2 , 
a = [32s + 2s 2 - 128* - 26st + 60t 2 + Ast 2 - 8t 3 - 6sV - Its' + 38sts' + 9t 2 s' - 5st 2 s' 

- 12t 3 s' + 2t 4 s' - 20ts' 2 - 8sts' 2 + 6t 2 s' 2 + 2t 3 s' 2 + 2stt' - 77t 2 t' + 3st 2 t' + 8t 3 t' - 29t 2 s't' 
+ st 2 s't' + 18t 3 s't' - 2st 2 t' 2 + Wt 3 t' 2 ] + 80 - 37ss' + 145tt' - 45sts't' + 24t 2 t' 2 - 8t 3 t' 3 , 

c = [-16s - 2s 2 + 56t + 24st + 2s 2 t - 38t 2 - 8st 2 + 8t 3 + 5s 2 s' - 2ts - 38sts - 7s 2 ts' 
+ 5t 2 s' + I3st 2 s' + 8t 3 s' + 2st 3 s' - 4t 4 s' - 21ts' 2 - lists' 2 - 2t 2 s' 2 + 2st 2 s' 2 + 4t 3 s' 2 

- 104stt' - 33s 2 tt' + 105t 2 t' + 35st 2 t' + 4t 3 t' + 16st 3 t' - 6t 4 t' - 2t 5 t' - sHs't' + 36t 2 s't' 

- Ust 2 s't' - 6t 3 s't' + 6t 4 s't' + 8t 2 s' 2 t' - 37st 2 t' 2 + 22t 3 t' 2 - 2st 3 t' 2 + 8t 4 t' 2 + 8t 3 s't' 2 

- 2t 4 t' 3 ] - 24 + 14ss' - 8s 2 s' 2 - 224tt' + sts't' - Wlt 2 t' 2 - st 2 s't' 2 - 8t 3 t' 3 

with simplifying notation [a] := a + i{a) for a G k(s, t, s' ,t'). It follows from the definition of 1 that 
i(s,t,s',t') = (s',t',s,t). We also note that d 2 = 5 Sj t € k(s,t) and d' 2 = 8 s iy G k(s',t') where 5 is 
given by the formula (9). 

In the case of char k = 2, the result is 

FlAX) = (G 3 s ,pT)) 2 + GlAX) • GlAX) + (e 2 + e)(e' 2 + e')(G 4 jS ,(X)) 2 

where 

Gl s ,(X) = X 5 + (t + l)(t' + l)X 4 + d 3 X 3 + d 2 X 2 + d ± X + d , 
Gl s ,(X) = (s + t + st)(s' + t' + s't')(X 2 + (t + t! + l)X + s + t + s' + t! + tt') 
and d 3 ,d2,di, do G k(s, t, s' , t') are given by 

d 3 = [t(l + t + ts' + tt')] + 1 + ss' + tt', 

d 2 = [s + t + st + t 3 + ts' + sts' + stt' + t 2 t' + t 3 t' + i 3 i' 2 ] + 1 + ss' + sts't' + t 2 t' 2 , 
d 1= [ s + s 2 + t + st + t 2 + st 2 + s 2 s' + ts' + sts' + t 2 s' + st 2 s' + t 4 s' + t 2 s' 2 + t 3 s' 2 

+ t 2 t' + t 3 s't' + st 2 t' 2 + t 3 t' 2 ] + tt'{\ + ss'), 
do = [t(st + sts' + st 2 s + ts' 2 + sts' 2 + t 3 t' + t 4 t' + s 2 s't' + sts't' + t 2 s't' + t 3 s't' 

+ t 2 t' 2 + st 2 t' 2 + t 3 t' 3 )] + tt'(l + ss')(l + tt') 
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with simplifying notation [a] := a + t(a) for a G k(s,t,s',t'). Note that e 2 + e = e S) t G k(s,t) and 
e' 2 + e' = e^f G k(s',t') where e S; i is given above as the constant term in (15). 

Note that the polynomial F^ S ,(X) splits into two factors over the field k(s,t,s' ,t')(d,d') (resp. 
k(s,t,s',t')(e,e')) when char k 7^ 2 (resp. char fc = 2) as 

FlAX) = (GlAX) + (e + e')G'^(X)) (g* 8 ,(X) + (e + e' + l)Gl 8 ,(X)) . 

From Theorem 7.1 and Table 1, we have to determine when it occurs that w/(-7r(P)) 6 M for 
some 7f G (F 20 x i^oV-^'o where / = f^ tl ■ f®\, with (si, ti), (s'i, t[) G M 2 . Thus we take an 
element p(P) G k(s,t) which is conjugate of P under the action of F20 x but not under the 
action of D 5 x D' 5 . We put 

fIax) ■■= nr p{nD5XD ,(x) = f^^ax) = p{f^(x)) 

where p acts on k(s,t) as in (14). Then the polynomial F 4 S ,(X) • F 2 S ,(X) becomes the formal 
F20 x Dg-relative Dg-invariant resolvent polynomial by P. We state the result of the dihedral case. 

Theorem 7.13. We take the k-generic polynomial f^(X) over an arbitrary field k. For a = 
(01,02), a' = (a'^a^) G M 2 , we assume that G a > G a > > C5. An answer to the field intersection 
problem of f^'( X ) is given by DT(i^ a ,) and DT(F 2 a ,) as Table 2 shows. 



Table 2 



G a 


Ga' 




GAP ID 


G a ,a' 




DT(F a 1 a') 


DT(F a 2 a ,) 






(II-l) 


[100, 13] 


D 5 x D 5 


L a n L a - = M 


10 


10 




D 5 


(II-2) 


[50,4] 


(G 5 x C B ) x C 2 


[L a n La' : M] = 2 


5 2 


5 2 


D 5 


(II-3) 


[10,1] 


D 5 


L a — L a ' 


5,2 2 ,1 


5 2 






5 2 


5,2 2 ,1 




G 5 


(II-4) 


[50, 3] 


D 5 x C 5 


L a L a ' = M 


10 


10 






(III-l) 


[25,2] 


G 5 x C 5 


L a 7^ L a ' 


5 2 


5 2 


c 5 


G 5 


(III-2) 


[5,1] 


G 5 


L a — L a ' 


5,1* 


5 2 






5 2 


5,1* 



Remark 7.14. In the reducible case, that is, the case of G a i = C2, we obtain an answer to the 
subfield problem of f^'( x ) via DT(F a a ,) for i = 1, 2 as on Table 3 (cf. Lemma 7.2): 

Table 3 



G a 


Ga' 


GAP ID 


G a .a' 




DT(F a V) 


DT(F 2 a ,) 


D 5 




[20,4] 


D10 


L a 7$ 


10 


10 




[10,1] 


D 5 


L a D Lb 


5 2 


5 2 


G 5 


G 2 


[10,2] 


G10 


L a n L b = M 


10 


10 


G 2 




[4,2] 


G 2 x C 2 


L a 7^ Lb 


4 2 ,2 


4 2 ,2 




[2,1] 


G 2 


L a = Lb 


2 4 ,1 2 


2 4 ,1 2 



Example 7.15. We take M = Q and write L si)tl := Spl<Q/^ 5 tl (X) and G sijtl := 
(si,ti) G Q 2 . As in Example 6.2, for s\ G Q, two polynomials 

f^%(X) =X 5 - 2X 4 + ( Sl + 2)X 3 - (2si + 1)X 2 + 8l X + 1, 
f£U,-i(X) =X 5 - AX 4 + ( Sl + 9)X 3 - (2si + 9)X 2 + ( Sl + 5)X 



= Gal(/£? tl /Q) for 
- 1 
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have the same splitting field over Q, i.e. L Slt \ = L Sl +5 ; _i. By Theorem 7.13, we also see Lo,i = 
because Fq 1 _ 11 (X) and ^o,i,-i,i(-^) s P n * over ^ the following irreducible factors: 

^0,1 ,-i,i W = ~ 4 ^ 4 ~ 3X3 + 23X2 + 7X ~ 25 ) 

• (X 5 - AX 4 - 3Y 3 - 24Y 2 - 40Y - 25), 

^o,i,-i,iPO = ^ " 3X + 14 )(* 2 " 5X + 18 ) 

• (X 5 - 8Y 4 + 47X 3 - 171X 2 + 299X - 235). 

Hence we get £5,-1 = Lo,i = ^-1,1 = ^4,-1 an d Gs,-i = Go,i = G_i 5 i = G^-i = D5. The 
equalities £5,-1 = Lo,i an d £-1,1 = £4,-1 can be checked via Theorem 7.13 as 

F i-i,o,i( x ) = x ( x + l ?( x ~ 3) 2 (Y 5 - AX 4 - 2X 3 - 35Y 2 - 38Y - 47), 

F -i,i,4 ,-i( X ) = X ( X ~ l f( X ~ 7) 2 (^ 5 - 16Y 4 + 78Y 3 - 159Y 2 + 190Y - 611). 

In these cases, the decomposition types DT(F| 101 /Q) and DT(i^ 1)1)4 _ 1 /Q) should be 5,2 2 ,1 
(cf. Theorem 2.1 about multiple factors). 

For si,s[ G Z with -10000 < si < s[ < 10000, we see that L si) i = L s , x if and only if 
(si, s[) G X\ U X2 where 

= {(-6,0), (-1,41), (-94, -10)}, 
X 2 = {(-1, 0), (-6, -1), (-18, -7), (1, 34), (0,41), (-6,41), (-167, -8)}. 

It can be checked directly that, for si,^ G Z in the range —10000 < si < < 10000 and for 
each of i = 1,2, (si,s'i) G Xi if and only if the decomposition type DT(.F* lg , 1 /Q) includes 1. 
Note that if (si,^) G Yi U Y2 then G si: i = Gy 1 = D5 except for (si,^) = (—18,-7). We see 
G_i 8) i = G_7,i = C 5 because DT(F 1 2 81i _ 71 /Q) is 5, l 5 as follows: 

*18,i,-7,iP0 = (X + 5)(Y - 6) 2 (Y + 16)(Y - 17) 

• (X 5 - 8X 4 - 289X 3 + 777Y 2 + 7679 Y - 23671). 

Example 7.16. We take M = Q. In [KRY], Kida- Renault- Yokoyama showed that there exist 
infinitely many b G Q such that the polynomials f®l {X) and (X) have the same splitting field 
over Q. Their method enables us to construct such 6's explicitly via rational points of the associated 
elliptic curve (cf. [KRY]). They also pointed out that in the range —400 < s±,ti < 400 there are 
25 pairs (si,ti) G Z 2 such that the splitting fields of f$(X) and of f^ tl (X) over O coincide. We 
may classify the 25 pairs by the polynomials ^o,i,si,ti i x ) an d ^o,i,si,*i ( x )- For * = 1,2, in the 
range above, the decomposition type DT(Fq 1 t /Q) includes 1 if and only if (si,ti) G Xi where 

X l = {(0, 1), (4, -1), (4, 5), (-6, 1), (-24, 19), (34, 11), (36, -5), 

(46, -1), (-188, 23), (264, 31), (372, -5), (378, 43)}, 
X 2 = {(-1, -1), (-1, 1), (5, -1), (41, 1), (-43, 5), (47, 13), (59, -5), 

(59, 19), (101, 19), (125, -23), (149, 11), (155, 25), (-169, 55)}. 

By Theorem 7.13, we see that if F 1 1 ti( x ) ( res P- ^01 si ti(-^0)> ( s i> *i) e nas a ro °t m Q then 
(si,ti) = (2u,2v + l) (resp. (si,ii) = (2u+ 1, 2v + 1)) for some u, t> G Z because F^ ljSutl (X) G Z[Y] 
splits into irreducible factors over the field F2 of two elements as 

Fl lfifi (X) = (X 5 + X 3 + l) 2 , 

Fl 1A1 (X)=X(X + l) 4 (X 5 + X 2 + l), 

F o,i,i,oPO = xW + Y 7 + Y 4 + Y 3 + 1, 

F o,i,i,i( X ) = + ^ 3 + !)(^ 5 + Y 3 + Y 2 + Y + 1) 
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and ^o,i,si,tiPO e %[X] also splits into irreducible factors over F2 as 
^o 2 i,o,oW = (* 5 + * 3 + l) 2 > 

*o,i,o,i( X ) = ( x5 + X 3 + l)(X 5 + X :i + X 2 + X + 1), 

^l.oPO =x 10 + x 7 + x 6 + x 4 + x 2 + x + i, 

^0,1,1,1 ( X ) = ^ 3 ( X + X ) 2 ( X5 + ^ 3 + ^ 2 + ^ + !)• 

We do not know, however, whether there exist infinitely many pairs (si,ti) G Z 2 such that 
SplQ/^f(X) = SplQ/^ tl (X) or not. By Theorem 7.13, we checked such pairs (s 1 ,t 1 ) G I? in 
the range -20000 < si,h < 20000 and added just {(526,41), (952,113), (2302,95), (6466,311), 
(7180,143), (7480,-169)} to X 1: and {(785, -25), (3881,29), (-11215,299), (19739,-281)} to X 2 . 

7.4. Cyclic case. Assume that char k 7^ 2. We take Hashimoto-Tsunogai's A;-generic polynomial 

P P 2 

h C A 5 B {X) = X 5 - -2 {A 2 -2A + 15B 2 + 2)X 3 + ? ^{2BX 2 -{A- 1)X - 2B) G k(A,B)[X] 

for C 5 where P = {A 2 - A - l) 2 + 25(A 2 + l)B 2 + 125B A , Q = 1-A + 7B 2 + AB 2 . 

The polynomials h^ B (X) and f A 5 B (X) have the same splitting field over k(A,B), and /^* 5 B (X) 
is defined by Brumer's form f^'(X) as in (12). Therefore, we already have a solution for the field 
isomorphism problem of f^ 5 B (X) and of h AB (X) from the result of the previous subsection. In this 
case we see that the formal resolvent polynomials F^ S ,(X) and F 2 S ,(X) split over k(s, t, s',t')(d, d!) 
as 

F s,s'( X ) = H s,s'( X ) ■ H s,s'( X )i F s,s'( X ) = H s,s'( X ) ■ H s,s'( X ) 

where Hl a ,(X), (1 < i < 4) is the formal C5 x Cg-relative C'l -resolvent polynomial of degree 5 by 
p l ^ 1 {P) and given by 

Hi 3 ,(X) := KP pi - 1{PlC5xC ,(X) = p^iTZVp^c'M)) 

= p i - 1 {Gl,A x )-^GlA x )) 

where the polynomials Gl s ,(X) and G 2 S ,(X) are given by (24). 

Example 7.17. Take the Q-generic polynomial f^ 5 B (X) for C5 and M = Q. By Proposition 6.1, 
for a= (a, b), a! = (a',b') G Z 2 , if a' = (a, ±b) or {a, a'} = {(-1, ±6), (1, ±6)} then Sp\ Q f^(X) = 

SpWS'PO- We also see that fa,o( X ) = ( x + o) 2 {X + a 2 - l)(X + l/(a - l)) 2 . 

For a = (a, 6), a' = (a',b r ) G Z 2 in the range -50 < a, a' < 50, 1 < b < b' < 50 with a / a', 
{a, a'} / {(—1, 6), (1, b)}, we see that the splitting fields of f°\(X) and of f%(X) over O coincide 
if and only if (a, b, a' , 6') G Uj=i -^i where 

Xi = {(3, 3, 23, 3), (23, 3, 3, 3), (2, 2, -28, 14)}, 

X 2 = {(16, 2, -12, 5), (-33, 3, -3, 3), (-16, 13, 34, 19)}, 

X 3 = {(-3, 1, -3, 11), (7, 3, 27, 9), (8, 11, 33, 14), (23, 5, 35, 7), (41, 11, -15, 17)}, 
X A = {(-2, 1, 3, 2), (4, 1, -6, 2), (3, 1, 13, 7), (-2, 2, 18, 4), (31, 1, -19, 7), 
(-3, 3, -33, 3), (-2, 3, 43, 6), (12, 4, 46, 10)}. 

By Theorem 7.13, it can be checked, in the range above and for each of i = 1,2,3,4, that 
(a, b, a', b') G Xi if and only if the decomposition type of F^ a ,(I) over Q includes 1. 

Example 7.18. We take M = Q(n) and regard n as an independent parameter over Q. We 
specialize Hashimoto-Tsunogai's generic polynomials f% 5 B (X) and h^ B {X) by A := 2n + 3, B := 1. 
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Then we obtain the cyclic quintic polynomial f^n+z i( x ) = fFti-^-) over where s = n 5 + 5n 4 + 
12n 3 + 10n 2 - 5n - 20, t = -n 3 - 5n 2 - lOn - 7 and 

/i^ +3jl (X) = X 5 - i?(ra 2 + 2n + 5)X 3 - i? 2 (X 2 + (n + 1)X - 1) 

where R := n 4 + 5n 3 + 15n 2 + 25n + 25. The discriminants of the polynomials f2n+3,i( x ) and 
h 2n+3,i( X ) with respect to X are given by ^(n 3 + 5n 2 + lOn + 7) 2 and i? 8 (2n 4 + 7n 3 + 23n 2 + 
30n + 35) 2 (n 6 + 6n 5 + 19n 4 + 34n 3 + 36n 2 + lOn - 5) 2 respectively. 

On the other hand, we take Lehmer's simplest quintic polynomial g n (X) which is given as 

g n {X) = X 5 + n 2 X 4 - (2n 3 + 6n 2 + lOn + 10) X 3 

+ (n 4 + 5n 3 + lln 2 + 15n + 5)X 2 + (n 3 + 4n 2 + lOn + 10)X + 1 

(cf. [Leh88]). The discriminant of g n {X) with respect to X is J R 4 (n 3 + 5n 2 + 10n + 7) 2 . By using the 
result in [HR], we see that if s = n 5 + 5n 4 + 12n 3 + 10n 2 - 5n - 20 and t = -n 3 - 5n 2 - lOn - 7 then 
the polynomial g n ( x ) and Brumer's quintic f^'(X) has the same splitting field over Q(n). Hence 
we conclude that the splitting fields of f^n+z iO^Oj OI " ^2n+3 lO^O an d of g n (X) over Q(n) coincide. 
By Theorem 7.13, we checked the pairs (m,m r ) G Z 2 in the range —10000 < m < m! < 10000 to 
confirm that SplQ<jr m (.X") = SplQ<7 m ' (X) if and only if (m,m!) = (—2, —1). 

7.5. The case of the Probenius group F20. Let k be an arbitrary field. By the results of the 
previous subsections, we should treat only the remaining three cases {(1-3), (1-4), (1-5)}. 
For the Probenius group F20 of order 20, we take the /c-generic polynomial 

f p F -(X)=X^ + ( q2+ p ^- 25 -2 P + 2)x^ 

+ (p 2 - p - 3q + 5)X 3 + (q - 3p + 8)X 2 + (p - 6)X + 1 G k(p, q)[X}. 

In the case of char k 7^ 2, as we mentioned in Section 6, we may also take a fc-generic polynomial 
of the Lecacheux's form for F20: 

9^ (X) = X 5 + (r 2 (p 2 + A)-2 P - 1 1)X*+ ((p 2 + 4)(3r + 1) + ^ + l)x 3 

-{r{p 2 + 4) + V* - 8)X 2 + (p - 6)X + 1 G fc(p, 

Method 1. Instead of the computation of 7£g S /(X), we construct F20 x F^-relative D^'-resolvent 
polynomial 7~L s ,s'( x ) by using the resolvent polynomial F^ S ,(X) which is explicitly given in Sub- 
section 7.3. We put 

F s,A X ) : =' R - F p'(P),D 5 xD' 5 ( X ) = F lt,p'(s'),p'(t')( X ) = p'{ F s,s>( X ))i 
F s,s'( X ) : ='^' F pp'(P),D 5 xD' 5 ( X ) = F p(s),p(t),p'(s'),p'(t')( X ) = PP'( F Is'( X ))- 
Then the polynomial 

4 

H S , S ,(X) : II/-S.S-S-V; 

i=i 

becomes the formal F20 x F^-relative D'l -invariant resolvent polynomial TZVp t F 20 xF' ( x ) by P. 
Hence we get the following theorem: 

Theorem 7.19. We take the k-generic polynomial fp^°(X) (or g^ r °(X) when char k / 2). For 
a = (01,02), a' = (a^a^) G M 2 , we assume that G a = G a i = F20. An answer to the field 
intersection problem of fpff(X) (or g^?(X)) is given by DT(7i a ,a') o,s Table 4 shows. 
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Table 4 



G a 


Ga' 




GAP ID 


G a .a' 




DT« a ,) 


DT(W a ,a') 






(1-1) 


[400, 205] 


F20 X F 2 o 


L a n L a / = M 


20 


40 






(1-2) 


[200,42] 


(D B x D B ) x C 2 


[L a n La' : M] 


= 2 


10 2 


20 2 


-P20 




(1-3) 


[100,11] 


(G 5 x C B ) x G 4 


[L a n L a ' : M] 


= 4 


5 4 


10 4 






(1-4) 


[100,12] 


(G 5 x C s ) x C 4 


[L a n La' : M] 


= 4 


10 2 


10 4 






(1-5) 


[20,3] 


-F20 


L a — L a ' 


5 a ,4,l 


10 3 ,4 2 ,2 



Method 2. We may apply the result of the dihedral case in Subsection 7.3. Indeed, in the case of 
char k / 2, we may convert the Brumer's polynomial to fpff(X) and gp™(X), respectively, by 



-10 + q(p+ vV+4) 



- (p + Vp 2 + 4) 



and 

(25) s = ^-(bp + 8r + 2p 2 r + (2pr + 5) v / pM r 4), t = i + y^Ti) . 

In general, we need the factoring process of a resolvent polynomial over the biquadratic extension 
M(sjp 2 + 4, yV 2 + 4) of M. However, because we should only treat the case M(^p 2 + 4) = 
M(vV 2 + 4), all we need is the factoring algorithm over M(y / p 2 + 4). This is also feasible in the 
case of char k = 2 by using the result of Subsection 7.2. 

Example 7.20. We take M = Q and the Q-generic polynomial gpf{X) of the Lecacheux's form 
for F20. We first see that 

g% (X) = (x-\) (X 4 + 2(2p 2 - p + 6)X 3 + 2(4p 2 + 3p + 16)X 2 - 4(p - 2)X - 4) 

and the splitting fields of g^ 2 °(X) and of g^ 2 p ° 2 (X) over k{p) coincide. From (25), we also see that 

Gal(g^(X)/k(r)) < D 5 because the splitting fields of g^{X) and of / D ( 4 r+5 )/2,i( X ) over k ( r ) 
coincide. 

For p = (pi,n), p' = (K> r 'i) G ^ 2 in the range -100 < pi,p[ < 100, -100 < n < r[ < 100 
with p / p', rijr^ / 2, we see that the splitting fields of gp 20 (X) and of g^?°(X) over Q coincide 
if and only if (pi , n , p^ , r[ ) G Xi U X2 where 

= {(-3, -3, 3, 0), (1, -8, -1, -1), (11, 1, 11, 7), (-1, 10, 11, 22), (-1, -11, 29, 0)}, 
X 2 = {(7, 1, -7, 4), (11, 1, 11, 13), (11, 7, 11, 13), (11, 12, 11, 62), (11, 31, 11, 73), (-2, 6, -2, 84)}. 

Using Method 2, it can be checked by Theorem 7.13, in the range above and for each of i = 1, 2, that 
(pi , r\ , pi , r' x ) G .Xj if and only if two quadratic fields Q(y/p'{ + 4) and Q(vVi 2 + 4) coincide and 
the decomposition type of F^ pl (X) over Q(\/Pi +4) includes 1. We note that Gal(p£ 2 °(X)/Q) = 
Gal(^°(X)/Q) * F 20 for each ( Pl , r^, r[) G ^ Ul 2 . 

Acknowledgment. We thank Professor Kazuhiro Yokoyama for drawing our attention to multi- 
resolvent polynomials and also for his useful suggestions. 
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